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It is shown that in o rder  to const ruct  a theory of nonsteady propellant combustion it is 
n e c e s s a r y  to know the s teady-s ta te  dependences of the burning rate  u0 ~ surface  t e m p e r a -  
ture  Ts", and flame tempera tu re  TF ~ on the external pa ramete r s  and the initial t e m p e r a -  
ture  of the propellant .  The combustion p rocesses  in an ~mbounded space,  when one of the 
external  pa r ame te r s  var ies  according to a harmonic  law, are  examined within the f r a m e -  
work of such a theory .  

1. The theory  of nonsteady propellant burning is based on the assumption that all the p rocesses  in 
the gas-phase  and in the sol id-phase react ion zone are  quas i - s ta t ionary  [1-3]. In this theory  the only iner -  
tial region is the sol id-phase induction zone, whose reconstruct ion also determines  the nonstat ionar i ty  of 
propellant combustion.  The quas i -s ta t ionar i ty  assumption is justified, if the charac te r i s t i c  t imes T 1 of 
variat ion of the pa ramete r s  controll ing combustion (pressure,  gas velocity at the burning surface,  flow of 
radiant  energy f rom the gas to the propellant,  etc.) a re  much g rea te r  than the relaxation t imes of the p ro -  
cesses  in the gas phase and the sol id-phase reaction zone. Order -of -magni tude  es t imates  for ord inary  
combustion conditions give T i > 10 -4 sec .  

Within the f ramework  of these assumptions the instantaneous values of the burning ra te  u, the sur face  
tempera ture  Ts and the flame tempera tu re  T F depend only on the n values of the external pa ramete r s  zj 
and the t empera tu re  gradient q~s = (aT/Ox)s at the surface  in the direction of the solid phase 

tt = U ((p,Z 1 . . . .  , Zn), Ts = Ts(q)8, zl,  ..., zn), T$. : TF ((~s, Zl, " ' ,  zn) (1.1) 

In o rder  to demonstra te  the validity of (1.1), we write the relat ions controll ing the nonsteady combus-  
tion p rocess  in functional form.  In the gas and in the thin sol id-phase  react ion zone these relat ions are  the 
same as for s teady-s ta te  burning (the quas i -s ta t ionar i ty  condition is assumed to be satisfied).  Then in 
symbolic form [2] the mass  burning ra te  in the gas 

mg ='- rng (TF, q)g, qg, zl, ..., zn) (1.2) 

The rate  of decomposit ion of the condensed phase (in par t icular ,  the law of pyrolysis)  

rn~ = rn~ (Ts, r qs, ~e, zl ..... z~) (1.3) 

T h e h e a t r e l e a s e  in the sol id-phase  react ion zone qs and in the gas qg 

q~ = q~ ( f , ,  %, z ,  . . . . .  zn) 

qg = q g ( T ; ,  ~e, Ts, zl,  ..., z,,) 

(1.4) 

(1.5) 
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F r o m  the quas i - s t a t iona r i ty  condition for  the gas the re  follows 

/ r i g  ---~ / / l s  "~'~ m 

In addition, we have  the ene rgy -conse rva t ion  equations for  the su r face  

( 1 . 6 )  

and for  the ine r t i a l e s s  zone as a whole 

(1.7) 

m (csr, + q, "4- qg) -- ~,,?, = mcrT~ (1.8) 

It  should be emphas ized  that  he re  the net reac t ion  energy  qs + qg is va r iab le .  

It  is c l e a r  that  in the genera l  case  the eight unknown functions mg,  ms ,  TF,  Ts ,  ~Vg, q s ,  qg, q s  [all 
the zn(t) a r e  a s sum ed  to be known] a re  re la ted  with each other  by seven equations;  accordingly,  re la t ions  
(1.1) hold, the i r  f o r m  being the same  for  both s t e a d y - s t a t e  and nonw combust ion .  Under nons teady con-  
ditions the t e m p e r a t u r e  gradient  q~s mus t  be de te rmined  f rom the heat -conduct ionequat ion for  the condensed 
phase and, if the var ia t ion  of the external  conditions (zj) is known, the p rob lem of nonsteady propel lant  c o m -  
bustion reduces  to the solution of the s y s t e m  

c3T 02T 
- ~  = x . ~  - u (z j, %)  (x ~ O) 

Ts=Ts(z i ,%)  at x = O ,  T--+T O as x - -} - -c r  
u ' s  ( 1 . 9 )  

T =  T o~(Ts  ~  exp--T at t.--=0 

T~ = TF (zj, %) fl.10) 

Thus,  for  known re la t ions  (1.1) it is poss ib le  to obtain a fo rma l  solution of the prob lem of nonsteady 
propel lant  combust ion without par t icu lar iz ing  the m e c h a n i s m s  of the phys icochemica l  reac t ions  in the f lame 
and in the so l id -phase  reac t ion  zone. In this s ense  the theory  is phenomenological  in c h a r a c t e r .  

There  a r e  two poss ib le  methods of obtaining re la t ions  (1.1). in the f i r s t  place,  using the quas i -  
s ta t ionar i ty  p rope r ty ,  it is poss ible  to obtain (1.1) f rom the exper imenta l ly  de te rmined  s t eady - s t a t e  r e l a -  
t ions 

u" = u ~ (Zl . . . . .  %., to ) ,  T~ ~ = r o (z~ . . . . .  z ,  To), T p  ~ = T ~  ~ (z~ . . . . .  z ,  To) ( 1 . 1 1 )  

( s teady-s ta te  va lues  a re  denoted by a degree  sign) by el iminat ing the initial  t e m p e r a t u r e  T O with the aid of 
the Michelson solution T o = Ts ~ - (~s  ~ ~ ) / u  ~ (this method was f i r s t  p roposed  by Ya. B. Ze l 'dovich  [4]). The 
other method of obtaining (1.1) is based on the analytic solution of Eqs.  (1.2)-(1.8) [5,6]. However,  this 
method r equ i r e s  that (1.2)- (1.5) be  wri t ten in exact  functional fo rm,  which is not poss ible  without a know- 
ledge of the s t e a d y - s t a t e  combust ion mechan i sm and hence without ce r ta in  assumpt ions  regard ing  the s t r u c -  
tu re  of the f l ame  zone and the kinetics of the chemica l  reac t ions  in the f lame,  which cons iderab ly  r e s t r i c t s  
the genera l i ty  of the r e s u l t s  obtained.  

In pr inciple ,  both approaches  to the p rob lem of obtaining (1.1) a re  equivalent and if, in the f i r s t  case ,  
the expe r imen t  is suff icient ly accura te  and, in the second, if the theore t ica l  descr ip t ion  of s t eady - s t a t e  
combust ion is success fu l ,  give identical  r e su l t s  [7]. P r o b l e m  (1.9) is of independent s ignif icance,  s ince it 
makes  poss ib le  the de terminat ion  of the burning r a t e  in the dynamic mode (this p rob lem has been solved in 
a s e r i e s  of pape r s  [8-16]). At the s ame  t ime,  many  of the phenomena obse rved  in connection with nonsteady 
propel lant  combust ion a r e  de te rmined  by the r e sponse  of the f l ame  to a change in externa l  condit ions,  in 
this r e spec t ,  as f i r s t  shown quanti tat ively in the p resen t  study, re lat ion (1.10) is impor tan t  and, as far  as a 
whole s e r i e s  of nons teady p r o c e s s e s  is concerned,  cannot be ignored. 

Returning to re la t ions  (1.2)-(1.8), we note that  in the genera l  c a se  the net reac t ion  ene rgy  qs + qg is 
va r i ab le  and depends both on the p r e s s u r e ,  flow velocity,  etc o, and on the t e m p e r a t u r e  gradient  in the con-  
densed phase .  Since 

q, + q ,  _- ho - -  h F = ~ ,  ~ J ~ b "  - -  ~ , ' ~ A ~ ~  
s F 
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(h0, h F a re  the enthalpies of formation of the fuel and the end products  of the chemical  react ions  in the 
flame), using (1.8) for the dependence of the chemical  enthalpy of the products of the equilibrium flame on 

zj and go s we have 

h~ .~ h o + c T - -  c~T~.  cs~q~" u (1.12) 

2. Starting f rom the above combustion model,  we will examine nonsteady propellant burning in the 
case  when one of the external  pa ramete r s  (for example,  pressure)  var ies  according to the law 

z1 = zr ~ + z~ (cos cot; sin cot) 

The notation (2.1) implies that ei ther  of the fianetions sin ~t or  cos wt can be selected.  

Going over in (1.19), (1.10), and (2.1) to the dimensionless  quantities 

(2.1) 

we reduce the problem to the form 

u~ (u~ ~ t T -- To 
~=.--~,  ~= x ' ~ = ~  T~ ~ -- To 

u q)~ 
v = - ~ ,  q)=--~ ,  ~=~O(~oj~ 

$ 

Z i  = z~ A -= zjl 

00 0(} b:@ 
o - - 4 - + v ( Z i ,  c~)-g-(=-~-~-  (g ~<0) (2.2) 

#(~, - ~ )  = o, o ( x ,  o) = o , (z~ . ,  ~),  ~ ( 0 ,  ~) = exp 
%~F = OF (Z f, q)) (2 .3 )  

Z i = I + A (cos Or; sin ~ )  (2.4) 

Linear iz ing sys tems  (2.2)-(2.4) for the f irst  and second approximations with respec t  to the amplitude 
of the p ressu re  oscil lat ions A << 1.0, we have 

0~0(i) 0O(~) 0~(~) 
v(~) e~ 

0(~) (0,  ~) = 0, e~(~) (0) = ~ v ( ,  (0) = v(l> (0) = 0 
( ox, ( ) 

Xi (~) = k-~-~ )~ (cos ~T; sin ~ )  + \ o~ /z~ r (.c) 

Here,  X i is any of the hmctions v(l) 0"), Vs 0) (~), VF (1) 0") 

00( 1 ) 0~ff(~)0~ 2 0~(~)0~ 00(~)0~ = ~ e~ ~- ~ v{~) 

~(,> (~, - ~ )  = O, ~(~) (~, 0) = 0~r (~) 
0 (~) (0, ~) = 0, (h(~) (0) = v(~) (0)  = 0g~> (0) = 0 

X~ (~) = C~-~z~ 

§ - U  \ - - ~ r l z  ~ [~o(1) 1 ~ + ~ (p(1) (cos ~ r ;  s in  f~v) 

3. The solution of the problem in the l inear approximation (2.5) is found in the form 

(2.5) 

(2 .6 )  

~.(1) (.~) = OFe~% ~ (1) (.~) = e~ e ~ 

where | V, and ~ are  the complex amplitudes of the t empera ture ,  burning rate ,  and gradient  per turbat ions,  
respec t ive ly .  After  per forming operations s imi la r  to those descr ibed in [16], we obtain 

i v  ~ :(: i . 5 r 
(3.1) 
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V = l _ k + ( a _ t ) ( r _ i k [ ~ ) ,  ~ P - - - a O s - - - - ~ V ( o t - -  i). 

= _ -~ - ~  , = F o 

After  isola t ing the imag ina ry  pa r t  [the per turbat ion  Zj (r)  is a s sumed  to be sinusoidal],  for  the l inear  
per tu rba t ions  we obtain 

Here ,  

Z i (v) = A sin ~ 
va) (~) = I m  {V exp i ~ }  = I V]sin (~T + ~F) 

q)(1) (~) = Im {(I) exp i ~ }  -- k + kr -- t t V l sin ( ~  + ~F) 6 ~_~ sin ~ 

( + )  q IV ]siD (~T "~- ~F) eOF a) (~) = Im {0~ exp i~-~} = s - - ~  sin ~ + - ~  

(3.27 

Moreove r ,  

[ V ] ' = ~ j  , W = a r c t g  ~ + b d  , a = v - } - - ~ -  - - i  

r k ~ - - t )  

i [ i  )iv= i (i Jr ~ f ~ ) ,  8----~r--b~k 

_ ( O l n u ~  k = ( T O  To)/Olnu~ l { OTs ~ 

(0rs~ /o in TFo ~ o ;o ~n Vv~ 

The p a r a m e t e r s  v ,  k, # ,  r ,  s,  q de te rmine  the p rope r t i e s  of the fuel and the f lame and can be found 
f r o m  the known s t e a d y - s t a t e  re la t ions  (1.11). An investigation of combust ion in the p re sence  of p r e s s u r e  
osci l la t ions  (Zj = w) has shown [16] that  at values  of k > 1.0 the ampli tude IV t of the burning ra t e  is c h a r -  
a c t e r i zed  by r e sonance  at the na tura l  f requencies  of the so l id -phase  induction zone ~2, = ~l~/r  [at k < 1.0 
the V r dependence is  not c h a r a c t e r i z e d  by resonance] .  Obviously,  all  the conclusions r eached  in connec-  
tion with the p r e s s u r e  var ia t i6n  prob lem also hold for  the p rob lem of nons teady combust ion assoc ia ted  with 
the var ia t ion  of any other  of the Zn externa l  p a r a m e t e r s ,  provided that  under  s t eady - s t a t e  conditions the 
Michelson re la t ion  ~ o = u o (Ts o _ To ) / ~t is p r e s e r v e d  (if the radia t ion f rom the gas to the condensed phase 
is taken into account,  the s t e ady - s t a t e  solution of the hea t -conduct ion  equation has  another  form) .  

It is c l e a r  f r o m  (2.2) that  the f l a m e - t e m p e r a t u r e  osci l lat ion ampli tude dependence mus t  also be r e s o n -  
ant in c h a r a c t e r  at the f requency ~ * .  

The invest igat ion of the l inear  p rob lem of nonsteady propel lant  combustic~l in the p r e sence  of harmonic  
p r e s s u r e  osci l la t ions  makes  i t  poss ible  to consider  the impor tan t  p rac t ica l  question of the amplif icat ion (at- 
tenuation) of acoust ic  p r e s s u r e  waves  by the burning su r f ace .  The r e sponse  of the burning su r face  to a p r e s -  
sure  d i s tu rbance  is  usual ly  e s t ima ted  in t e r m s  of a complex  quantity - the acoust ic  admit tance  of the bu rn -  
ing su r face  [17-19] 

{ Sug/% ~ ~, 
Y = - - k ~ )  (3.4) 

where  6Ug is the per turba t ion  of the gas  veloci ty  no rma l  to the su r face  of the fuel, and 6p is the p r e s s u r e  
pe r tu rba t ion .  In th is  case  the acoust ic  wave is ampli f ied by the burning su r face  if 

ReY ~ 0 (3.5) 

Using the continuity equation pgug = PsUs and the equation of s ta te  of an ideal gas ,  we can wri te  ex -  
p ress ion  (3.4) in the f o r m  

Y= ~n T~ "t (3.6) 
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H e n c e  for  the c o m p l e x  a m p l i t u d e s ,  u s ing  (3.1), we have  

Y : i - - s ~ - ~ - ~ - - -  i~-  V(a) (3.7) 

S ince  V = (a + i b ) / ( c  + id) ,  i s o l a t i n g  the  r e a l  p a r t  f r o m  (3.7), we 

ob ta in  

q (  + ) ac -{- bd 
Re Y = i - - s +  v - - ~ - - -  1-~ ~_}_d~ (3 .87  

It  is  c l e a r  f r o m  {3.8) tha t  the  f l a m e  c h a r a c t e r i s t i c s  (s, q) have  
an i m p o r t a n t  i n f luence  on the  a b i l i t y  of the  bu rn ing  s u r f a c e  to a m p l i f y  
a c o u s t i c  o s c i l l a t i o n s ,  the  e f f ec t  of the  p a r a m e t e r  s = ( d l n T F ~  P)T0 
be ing  i ndependen t  of  the  f r e q u e n c y  and a t  s > 0 a l w a y s  t end ing  to  p r o -  
duce  a m p l i f i c a t i o n .  Th i s  is  b e c a u s e  in the  l i n e a r  a p p r o x i m a t i o n  owing 
to the  p r e s s u r e  v a r i a t i o n  the  hea t  r e l e a s e  in t he  f l a m e  i s  in p h a s e  wi th  
the  p r e s s u r e  o s c i l l a t i o n s  [see Eq .  (3.27] and the R a y l e i g h  c r i t e r i o n  for  
the  t h e r m a l  a m p l i f i c a t i o n  of a c o u s t i c  w a v e s  i s  s a t i s f i e d .  ( T h e  e f f ec t  
of q on Re Y is  a c o m p l e x  one and d e p e n d s  bo th  on the  f r e q u e n c y  and on 
the  v a l u e s  of the  o t h e r  p a r a m e t e r s  .7 

The  d e p e n d e n c e  of  the r e a l  p a r t  of the  a c o u s t i c  a d m i t t a n c e  on the  
d i m e n s i o n l e s s  f r e q u e n c y  i s  p r e s e n t e d  in F i g .  1 for  v a l u e s  of the p a r a m -  
e t e r s  p = 0.66,  r = 0.3, ~ = 0.1, q = 0.1 (cont inuous  c u r v e s  1, 2, 3 c o r -  
r e s p o n d  to the  c a s e s  k = 0.5, ! . 0 ,  1.5 fo r  s = 0, the  d a s h e d  c u r v e s  1, 2, 

3 r e l a t e  to  t he  s a m e  v a l u e s  of k, but  fo r  s = 0.5) .  C l e a r l y ,  a s  the  k and s i n c r e a s e ,  the  r e g i o n  of a m p l i f i c a -  
t ion of a c o u s t i c  w a v e s  by  the  b u r n i n g  s u r f a c e  e x p a n d s ,  wh i l e  the  m a x i m u m  va lue  of I Re  Y I i n c r e a s e s ,  and 
at  s ~ 0.5 the  p r o p e l l a n t  a m p l i f i e s  the  p r e s s u r e  o s c i l l a t i o n s  o v e r  the  e n t i r e  l o w - f r e q u e n c y  r a n g e .  As  was  
to  be  e x p e c t e d ,  the  m a x i m u m  of R e  Y c o r r e s p o n d s  to the  d i m e n s i o n l e s s  r e s o n a n t  f r e q u e n c y  ~2. .  

We wi l l  now c o n s i d e r  the  ques t i on  of the  p o s s i b l e  t y p e s  of p e r t u r b a t i o n s  g e n e r a t e d  b y  the  f l a m e  u n d e r  
n o n s t e a d y  c o n d i t i o n s .  U n d e r  the  i n f luence  of v a r y i n g  p r e s s u r e  the f l a m e  t e m p e r a t u r e  T F ,  the  c h e m i c a l  e n -  
t ha lpy  of the  c o m b u s t i o n  p r o d u c t s  h, the g a s  d e n s i t y  p ,  and  the f l a m e  v e l o c i t y  ug v a r y  in a c c o r d a n c e  wi th  
q u a s i - s t a t i o n a r y  r e l a t i o n s  (1.1), (1.6), and (1.12). T h e s e  p e r t u r b a t i o n s  of the  p a r a m e t e r s  in the  f l a m e  f ron t  
l e a d  to  the  a p p e a r a n c e  of a s y s t e m  of w a v e s  p r o p a g a t i n g  t h rough  the c o m b u s t i o n  p r o d u c t s .  In fac t ,  fo r  the  
a d i a b a t i c  m o t i o n  of a c h e m i c a l l y  f r o z e n ,  p e r f e c t ,  i d e a l l y  n o n h e a t - c o n d u c t i n g  gas  we have  

0p 0u grad p 
0~ ~- div (pu) : 0, -g}- + (u, grad) u = - - ~ ,  p = p R T  (3.9) P 

/ OT • ugradT) 0p 0(ph) cpp ~-~- ~ = y ~- u grad p, ~ -~ div (puh) = 0 

Hence  in the  o n e - d i m e n s i o n a l  c a s e  we  obta in  the  fo l lowing  s y s t e m  for  s m a l l  p e r t u r b a t i o n s  of the  r e l a -  
t i ve  v a l u e s  of the  p r e s s u r e  p~ = 5 p / p  ~ t e m p e r a t u r e  T '  = 5 T / T  ~ gas  v e l o c i t y  u '  = 5U/Ug ~, and c h e m i c a l  e n -  
t ha lpy  h' = 5 h / h  ~ 

Op' Op' Ou' OT' ~T' 
i~,t A:-" UgQ --~-X -}- Uga ~-x - - - ~ - - U g ~  "--~ ~ 0 (3.10) 

~U p Ott r C~ t s 
+--~t 4-I4. o__ COp# / C3T' ~ t  , ( Op o__C~P ) - - y ~ - ) = ( ~ - i ) . - ~ y + ~ g  ax g Oz + rug ~ dz  O, ~ [ D y - § 1 7 6  

t~h t ~h t 
a---~ § ug ~ ~ :  0 (~ = %1%) 

We find the  so lu t i on  of (3.10) in wave  f o r m  

Then  

X j  ~ X~ 1) exp i (~t + kz) 

p(1) (o~ ~- kug ~ -i- uO)kU g ~ - -  T (1) (~ + k %  ~ = 0 

(i) c2k 
p T-~gO ~- u (1) (O -~- kUg ~ = O, h (1) (0~ -c kUg ~ = 0 

p(1) (1 - -  ~) (co Jr- k %  ~ § T(1)~: (o~ + k %  o) =- 0 
(3.11) 

687 



The condition of solvabi l i ty  of (3.11) reduces  to the vanishing of the de te rminant  

~ + k %  ~ , aug ~ , - - (~+k%~ i I 

c2k 
~ugO 02f-kUg ~ O, ~-0 

( i - - T ) ( O  -~kUg~ O, T ( ~ -  kug~ 
O, O, O, ~ + k %  ~ ] 

Hence we find the wave vec to r s  

ka = *)/(c -- :Ug~ ks = -- o~/(c + % %  k8 = - -  r ~ 

Thus,  p r e s s u r e ,  t e m p e r a t u r e ,  chemica l  energy  and veloci ty waves may  exis t  in the combustion prod-  
ucts 

X / ~ A j s i n % ( k - - c ~ u g O ) ' ~ B j s i n ( ~ 1 7 6  

(Xt '  = p ' ,  X2' ~ u', X3' = T ' )  

In the pa r t i cu la r  ca se  y = 1.0 (so-cal led  "ze ro th  approximat ion")  the fields of smal l  per turba t ions  of 
the flow e lements  decompose  into noninteract ing components .  Expres s ions  (3.11) with y = 1.0 yield the 
wave equations 

O~X1,2 2 ~ O2X12 02X12 ( ugh) 
Ot~ -F --c OxOt' - - ( i - - ~ )  0x~' =0  13= 

O~Xa, 4 02X3, a 
Ot ~ --  (u~ Ox 2 

which show that  in the ze ro th  approximat ion the p r e s s u r e ,  densi ty,  and gas  veloci ty waves propagate  with 
ve loc i ty  (c • Ug ~ and the t e m p e r a t u r e  and chemica l  ene rgy  waves with the flow veloci ty  Ug ~ Since at the 
s a m e  frequency of the acoust ic  and t e m p e r a t u r e  waves  the length of the l a t t e r  is m a n y t i m e s  less  (under 
o rd ina ry  combust ion conditions the wavelength ra t io  ~t 3 /h  1 = /3 is of the o rder  of 10-2-10-3), n e a r  the bu rn -  
tug su r face  the p r e s s u r e  m a y  be a s sumed  to be s imply  a harmonic  function of t ime p' = A sin r Then the 
solutions of the wave equations for  T and h take the fo rm 

x~,4 = I x(~) 13,4 sin (,~t + k,~ + '%,4) 

where  I XF {0 Is,4 a r e  the ampl i tudes  of the per tu rba t ions  at the f lame,  and ~s,4 a r e  the phase shif ts .  Since the 
propagat ion veloci t ies  of the T and h waves  coincide,  this wave s y s t e m  m a y  be t r ea t ed  as the combined wave 
of the total  enthalpy of the products  H' = [ HF0) I sin (wt + k3x + q~H). In fact ,  as  the p r e s s u r e  va r i e s ,  the 
total  enthalpy of the products  changes by an amount  6H = Cp6T F + 6h F. 

Using (1.12), in d imens ion less  fo rm we obtain 

8H. = 8 ~  - -  6 ~  - -  ~v  ( ~ H .  = 8 H / [ %  (T~ ~ - -  T0)l) (3 ,12)  

It is in te res t ing  to note that  the total enthalpy change does not depend on the f lame c h a r a c t e r i s t i c s  
(s, q) and is  wholly de te rmined  by the iner t ia  of the so l id-phase  induction zone. For  a s inusoidal  p r e s s u r e  
va r i a t ion  f r o m  (3.12), us ing  (3.2), we obtain 

5H, I VI v 
A - -  ~ s i n ( ~ T ' + ' ~ ) - - ~ s i n ~  

This express ion  m a y  conveniently be r e p r e s e n t e d  in the f o r m  

5 H ,  = [ H(~ ) t s in  (a~ -{- ]) 

IH(~)[ A_ IV[ sin~F -- k ]/[VI2--2v[VIc~ v (3.13) 
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In Fig .  2 we have plotted the theore t i ca l  dependence of the ampli tude of the total  enthalpy wave (3.13) 
for the s a m e  values  of the p a r a m e t e r s  v ,  ~ ,  r as in Fig.  1 (the cu rves  1, 2, 3 co r r e spond  to k = 0.5, 1.0, 
1.5). It should be noted that expe r imen t s  conf i rm the exis tence  of shor t  t e m p e r a t u r e  waves  above the bu rn -  
ing sur face  in the osc i l l a to ry  mode  [20]. 

4. We will inves t igate  the behavior  of the mean f lame t e m p e r a t u r e  in the p re sence  of harmonic  o sc i l -  
lat ions of some ex te rna l  p a r a m e t e r  control l ing combust ion.  Fo r  this purpose  it is n e c e s s a r y  to cons ider  
the solution of the nonsteady burning p rob lem in the second approximat ion .  

In accordance  with the theory  of nonl inear  osci l la t ions  in the quadrat ic  approximat ion  the combination 
f requencies  0 and 2~2 m a y  appea r .  Since the mean of a ha rmon ic  function is equal to ze ro ,  only the constant  
component  of the solution of p rob lem (2.6) is of in te res t .  Isolat ing in (2.6) the t e r m s  that do not depend on 
t ime,  for the constant  components  we obtaIn the sy s t em 

, r r o~<i) ] 
'~c d'~ ~> = v~2) e ~ v(1) - dr d~ -[- [ ~  ]c (4.1) 

$jC 

+ t ( o xj 
-Z \"~'~']zj [(q~ + ~ [(p(~) sin fl'r 

He re ,  the subsc r ip t  c denotes the constant  component  of the f lmctions.  

We wri te  express ions  for  the constant  components  in (4.1) In t e r m s  of the complex  ampl i tudes  of the 
l inear  per tu rba t ions  of the burning ra t e  V and su r f ace  t e m p e r a t u r e  | [see (3.1)]. Since for a s inusoidal  
per turba t ion  Zj 0") 

~(1) (~, ~) = I m {0 (~) exp ~Q~} _-- ~-1 {0 (~) em: -- O* (~) e -m~} 

t {Veto , _ V,e_in.,} v (x) (T) = Im {V exp i~-~} --  - ~  

and so on, i t  is e a sy  to ca lcula te  the quantit ies 

[ O~(1) v(1,]c = + (a*Os*Vea*r a@sV*ea~ _[_ i [~L~(a*ea*~ _ aeo,~)} 

+ + ( a * O , * V  - + 
' ~'~ ) (4.2) 

t {(aO~ + ~*0~*) -4- [(P (i) s i n  ~S]~ ---- ~ -  . ~ IV* (a* - l ) - V ( ~  - f)]} 

He re ,  an a s t e r i s k  denotes the complex  conjugate,  in tegra t ing the heat-conduct ion equation f rom (4.1) 
with r e s p e c t  to ~ f rom 0 to -oo, we find the re la t ion  (4.3). 

Using (4.3) and (4.1), we can, in pr inciple ,  exp re s s  the value of the constant  component  of the f lame 
t e m p e r a t u r e  ~ (~.) in the second approximat ion in t e r m s  of the ampli tudes  V and | known f rom the solution 
of the l inear  p rob l em.  However ,  the genera l  express ion  obtained is e x t r e m e l y  c lumsy  and not amenable  to 
ana lys i s .  Accordingly,  we shall  confine ou r se lves  to a cons idera t ion  of the function # ~ )  nea r  r e sonance .  
(We reca l l  that for  a propel lant  burning under  the influence of harmonic  per turba t ions  of some function Zj 
r e sonance  effects  a re  poss ib le  only at k > 1.0). 

It  is known that  in the resonance  region the ampli tude of the f i r s t  ha rmonic  is propor t iona l  to the cube 
root  of the ampli tude of the dr iving force ,  while the ampli tude of the second harmonic  and the constant  c o m -  
ponent a r e  propor t iona l  to the square  of the ampli tude of the f i r s t  ha rmon ic .  Accordingly,  we can e s t ima te  
the o rde r  of magnitude of the constant  t e r m s  in the expansions of the functions v~ 2), ~ s(2!c , ~ ~)~ f rom (4.1). 
Retaining in these  expansions  t e r m s  of the o rder  of A~/3 (A is the smal l  ampli tude of tla'e osci l la t ions of the 
quantity Zj), nea r  r esonance  we have 
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In the l inear  approximat ion a f te r  making s i m i l a r  e s t i m a t e s  we obtain 

v ~ / 0 ~  ~. - ,O~ ,z, o, o , ~ ( - ~ - ) z r  

Hence,  using (3.3), we obtain 

(4.4) 

r 
(4.5) 

Using (4.3), (4.4), and (4.5), a f te r  t r ans fo rma t ions  we find 

where  

v(~ ~) - r l V P  [ ~ ,  . .  a 2 v ]  = 2 -~[(+(~))~]o k - ~ + ( k - ~ ) - ~ - j  

[(~(~))~]cr k i ~ F  ! 0% a~, ~ a~ F ] 

]VI "~ r ( k - ~ r - - t ) . ~ F  
2 k Oq~ 

(4.6) 

(4.7) 

[Vp J r~ i i r l , 
[(~c')'lo = T/~1~(~ - +  ~ - )  + ~ - T  (~* - ~) - ~ - ( ~  + ~ - 1) (4.8) 

Equations (4.6) and (4.7) can be conver ted  to the fo rm 

Since 

,7)  - •  ( a k ~  t Iv I' 
2 tw ~ Jr  i k 4 - r - - t  r 2 

1(m(1)~2] { Oq ~ t q [ U [2 
e~(~ ~) = ' ~  ,~  , c~ Oq~lzj k + r - - i  r k 2 

( ak ~ akla~o (r-- l)k--k~+(Ts~176 
/zj = ~ - - - - -  k + r - - t  

t 0q ~ (, - i )  q - qz + ( r ~  ~ - To)~(XTF ~ / 0ro~) / T F  
t )z  i -~ k + r - I  

q > 0, r < 1.0, we have (0k/Or < 0, (0q/9~p) < 0 and, consequently,  nea r  r e sonance  V(2c ) and ~$ (~!c a re  and 
negat ive ,  i .e . ,  in an acoust ic  field with f requency c lose  to the natura l  f requency of the so l id-phase  induction 
zone the mean f l ame  t e m p e r a t u r e  and the burning ra t e  a r e  reduced as compa red  with the i r  s t e ady - s t a t e  
va lues ,  the reduct ion being propor t ional  to the square  of the per turbat ion  ampli tude.  The change in mean 
f l ame  t e m p e r a t u r e  can be a t t r ibuted to the fac t  that some of the ene rgy  is r emoved  f rom the f lame with the 
T and h waves  and i r r e v e r s i b l y  lost .  
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